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KA¨HLER MANIFOLDS WITH NEGATIVE HOLOMORPHIC
SECTIONAL CURVATURE, KA¨HLER-RICCI FLOW
APPROACH
RYOSUKE NOMURA
Abstract. Recently, Wu-Yau and Tosatti-Yang established the connection
between the negativity of holomorphic sectional curvatures and the positivity
of canonical bundles for compact Ka¨hler manifolds. In this short note, we
give another proof of their theorems by using the Ka¨hler-Ricci flow.
1. Introduction
In this note, we provide a Ka¨hler-Ricci flow approach to the following two
theorems, which represent the relationship between the negativity of the holo-
morphic sectional curvature and the positivity of the canonical bundle KX of a
compact Ka¨hler manifold X .
Theorem 1.1 ([WY16a, Theorem 2], [TY15, Corollary 1.3]). If X admits a
Ka¨hler form with strictly negative holomorphic sectional curvature, then the
canonical bundle KX is ample. In particular, X is projective.
Theorem 1.2 ([TY15, Theorem 1.1]). If X admits a Ka¨hler form with semi-
negative holomorphic sectional curvature, then the canonical bundle KX is nef.
The original proofs of both theorems are based on the following idea, in
[WY16a], constructing a Ka¨hler form ωε ∈ 2pic1(KX) + ε[ω̂] satisfying
Ric(ωε) = −ωε + εω̂,
and considering the limiting behavior of ωε as ε ց 0. Here, ω̂ is a Ka¨hler
form whose holomorphic sectional curvature is (strictly/semi-) negative. The
objective of this note is to simplify the proofs by replacing ωε by the Ka¨hler-
Ricci flow ωt.
These theorems are originated from the conjecture of Yau (see [HLW16, Con-
jecture 1.2]). For a historical background, we refer to [HLW16, WY16a, WY16b,
TY15, DT16] and the references therein.
We remark that Diverio and Trapani [DT16] showed that the ampleness ofKX
can be obtained under the assumption that the holomorphic sectional curvature
is semi-negative everywhere and strictly negative at one point. For the moment,
we can only prove the above two theorems.
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2. Properties of the Ka¨hler-Ricci flow
In this section, we summarize the basic properties of the (normalized) Ka¨hler-
Ricci flow which will be used later. For more detailed exposition, we refer to
the book [BEG13]. In the following argument, we will denote by X a compact
Ka¨hler manifold of dimension n.
Definition 2.1. A smooth family of Ka¨hler forms {ωt}t≥0 is called the normal-
ized Ka¨hler-Ricci flow starting from ω0 if it satisfies the following equation:

∂
∂t
ωt = −Ric(ωt)− ωt,
ωt|t=0 = ω0.
(2.2)
By considering the cohomology class in H1,1(X,R) of (2.2), the normalized
Ka¨hler-Ricci flow ωt belongs to the cohomology class αt ∈ H1,1(X,R) defined by
αt := e
−t[ω0] + (1− e−t)2pic1(KX).(2.3)
The maximal existence theorem for the Ka¨hler-Ricci flow is stated as follows.
Theorem 2.4 ([TZ06, Zha06], see also [BEG13, 3.3.1]). For any Ka¨hler form ω0,
the normalized Ka¨hler-Ricci flow ωt starting from ω0 exists uniquely for t ∈ [0, T )
and cannot extend beyond T . Here, T is defined by
T := sup{t > 0 | αt defined by (2.3) is a Ka¨hler class},(2.5)
and called the maximal existence time. In particular, ωt exists for t ∈ [0,∞) if
and only if KX is nef, i.e. 2pic1(KX) belongs to the closure of the Ka¨hler cone
of X.
We need the parabolic Schwarz lemma obtained by Song-Tian [ST07] applied
to the identity map (see also [BEG13, 3.2.6]). This is a parabolic analogue of
the Schwarz lemma due to Yau [Yau78].
Proposition 2.6. Let ωt be the normalized Ka¨hler-Ricci flow and ω̂ be an arbi-
trary Ka¨hler form. Then we have the following inequality:(
∂
∂t
−∆ωt
)
log trωt(ω̂) ≤ 1 +
gij(t)gkl(t)R̂ijkl
trωt(ω̂)
.
The next Proposition due to Royden [Roy80, Lemma] (see also [WWY12,
Lemma 2.1]) will relate the negativity assumption on the holomorphic sectional
curvature with a uniform estimate for the normalized Ka¨hler-Ricci flow via the
parabolic Schwarz lemma.
Proposition 2.7. Let ω̂ be a Ka¨hler form on X, and denote by Ĥ the holomor-
phic sectional curvature of ω̂. Assume that there exists a non-negative constant
κ ≥ 0 such that for any tangent vector ξ ∈ T 1,0X, we have
Ĥ(ξ) ≤ −κ ≤ 0.(2.8)
Then, for any Ka¨hler form ω, we have
gijgklR̂ijkl ≤ −κ
n + 1
2n
(trω(ω̂))
2 ≤ 0,
where ω =
√−1gijdzi ∧ dzj and R̂ijkl is the curvature tensor of ω̂.
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3. Proof of Theorems via Ka¨hler-Ricci flow
Proof of Theorem 1.2. Let ω̂ be a Ka¨hler form whose holomorphic sectional cur-
vature is semi-negative i.e. κ = 0 in (2.8). Let ωt be the normalized Ka¨hler-Ricci
flow starting from arbitrary Ka¨hler form ω0 on X . By Theorem 2.4, the nefness
of KX is equivalent to the long time existence of ωt. By definition of the maximal
existence time (2.5) and Theorem 2.4, it is enough to show that if ωt exists for
[0, T0) with T0 <∞, then αT0 is a Ka¨hler class.
By Proposition 2.6 and, Proposition 2.7 we have(
∂
∂t
−∆ωt
)
(log trωt(ω̂)− t) ≤
gij(t)gkl(t)R̂ijkl
trωt(ω̂)
≤ 0.
Applying the maximum principle, for any t ∈ [0, T0), we have
trωt(ω̂) ≤ etmax
X
trω0(ω̂) ≤ eT0 max
X
trω0(ω̂) :=C.
This is equivalent to the following inequality which holds for any t ∈ [0, T0):
1
C
ω̂ ≤ ωt.(3.1)
Therefore, for any irreducible subvariety V ⊂ X of positive dimension, the
intersection number can be estimated as follows:∫
V
[αT0 ]
dimV = lim
tրT0
∫
V
ωdimVt ≥
1
CdimV
∫
V
ω̂dimV > 0.
By Demailly-Pa˘un’s characterization of the Ka¨hler cone [DP04, Main Theorem
0.1], the limiting class αT0 is Ka¨hler. 
The idea of avoiding higher order estimates by using the Demailly-Pa˘un’s
theorem can be found in the proof of [Zha10, Theorem 1.1].
Remark 3.2. We can also prove that ωt converges to a smooth Ka¨hler form as
tր T0, in particular αT0 is Ka¨hler. In fact, since the volume form ωnt is uniformly
bounded from above (see [BEG13, 3.2.3]), (3.1) gives a uniform estimate for ωt:
1
C
ω̂ ≤ ωt ≤ C ′ω̂.(3.3)
Therefore we obtain the higher order estimates (see for example [BEG13, 3.2.16]),
which guarantees the convergence.
Proof of Theorem 1.1. Let ω̂ be a Ka¨hler form whose holomorphic sectional cur-
vature is strictly negative i.e. κ > 0 in (2.8). By Theorem 1.2, KX is nef, and
therefore ωt exists for t ∈ [0,∞).
By Proposition 2.6 and Proposition 2.7, we get(
∂
∂t
−∆ωt
)
log trωt(ω̂) ≤ 1 +
gij(t)gkl(t)R̂ijkl
trωt(ω̂)
≤ 1− κn + 1
2n
trωt(ω̂).
Applying the maximum principle, for any t ∈ [0,∞), we have trωt(ω̂) ≤ C where
C := max
{
2n
κ(n + 1)
,max
X
trω0(ω̂)
}
> 0.
4 RYOSUKE NOMURA
This gives, for any t ∈ [0,∞),
1
C
ω̂ ≤ ωt.(3.4)
Since αt = [ωt] converges to 2pic1(KX) as t → ∞, the same argument as in the
proof of Theorem 1.2 shows the ampleness of KX . 
Remark 3.5. Tian-Zhang [TZ06], and Zhang [Zha06] showed that under the
assumption on the ampleness of KX , any normalized Ka¨hler-Ricci flow ωt con-
verges to the Ka¨hler-Einstein metric with negative Ricci curvature.
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